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Abstract
An improvement of Weil bound for a class of polynomials over GFð2nÞ is obtained.
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1. Introduction
Let GFðpÞ be a prime ﬁeld of characteristic p and GFðpnÞ be an extension of degree
nX1: For any element xAGFðpnÞ the trace of x over GFðpmÞ where mjn is deﬁned by
TrnmðxÞ ¼ x þ xp
m þ xp2m þ?þ xpðnm1Þm :
The homomorphism from the additive group of GFðpnÞ to C; w1ðxÞ ¼ e
2piTrn
1
ðxÞ
p is
called the canonical additive character of GFðpnÞ: The set of all functions waðxÞ ¼
w1ðaxÞ where aAGFðpnÞ form the set of all additive characters of GFðpnÞ: The
function w0 is called the trivial character.
Let w be a nontrivial additive character of the ﬁeld GFðpnÞ and gðxÞAGFðpnÞ½x	 of
degree degðgðxÞÞ: The following result is well known, see [8] and also [6]
X
xAGFðpnÞ
wðgðxÞÞ

pðdegðgðxÞÞ  1Þp
n
2; ð1Þ
ARTICLE IN PRESS
E-mail address: sugata@bits-pilani.ac.in.
1071-5797/03/$ - see front matter r 2003 Elsevier Science (USA). All rights reserved.
doi:10.1016/S1071-5797(03)00024-8
where gcdðdegðgðxÞÞ; pÞ ¼ 1: We shall refer to the sumPxAGFðpnÞ wðgðxÞÞ as the Weil
sum for gðxÞ and the above upper bound as the Weil bound. Stepanov [7] has stated
the following problem for additive characters.
Problem 1. Determine the class of polynomials gAGFðpnÞ½x	 of degree m; 1pmppn 
1; for which the upper bound (1) can be sharpened and absolute value of the Weil sum
can be estimated nontrivially for mXp
n
2 þ 1:
Mullen and Shparlinski [3] have mentioned the problem of evaluating
the upper bounds of the absolute value of the Weil sum for special ﬁelds
and polynomials. Several such bounds are described in [4]. Recently, Shparlinski
[5] has proved a sharper bound for jPxAGFðpnÞ wðaxmÞj than that in (1), where p is
any prime.
In this note we prove that when p ¼ 2 it is possible to obtain an improvement
over the Weil bound for a class of polynomials in GFðpnÞ½x	 of the form
gðxÞ ¼ xc þPNi¼1 bixaið2t1Þ; where biAGFðpnÞ; ai is a positive integer for
all i ¼ 1;y; N; for some positive integer N; tjn and gcdðc; pn  1Þ ¼ 1: Our
technique involves use of interleaved sequence as introduced by Youssef and
Gong [2,9,10].
Remark 1. In the following sections whenever we refer to gðxÞ ¼ xc þPN
i¼1 bix
aið2t1Þ it is to be assumed that p ¼ 2; c is coprime to 2n  1; tjn; N is a
positive integer and biAGFðpnÞ and ai is a positive integer for all i ¼ 1;y; N; if not
stated otherwise.
2. Interleaved sequence
A binary sequence of length m is denoted by a ¼ fa0; a1; a2;y; am1g where
aiAf0; 1g for all i ¼ 0; 1; 2;y; ðm  1Þ: In case m ¼ 2n  1 for some positive integer
n we can choose a primitive element zAGFð2nÞ and construct a function such that
f ð0Þ ¼ 0 and f ðziÞ ¼ ai where i ¼ 0; 1; 2;y; 2n  2: This function f is called the
function corresponding to the sequence a with respect to the primitive element z: If
we change the primitive element then we obtain a different function. Again if f is a
function from GFð2nÞ to GFð2Þ with f ð0Þ ¼ 0 and zAGFð2nÞ is a primitive element
then the sequence f f ð1Þ; f ðzÞ; f ðz2Þ;y; f ðz2n2Þg is referred to as the sequence
associated to f with respect to z: When there is no chance of confusion the primitive
element z is not mentioned.
Deﬁnition 1. Suppose m is a composite number such that m ¼ dk where d and k are
both positive integers greater than 1, a is a binary sequence fa0; a1; a2;y; am1g
where aiAf0; 1g for all i; then the ðd; kÞ-interleaved sequence ad;k corresponding to
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the binary sequence a is deﬁned as
ad;k ¼
a0 a1 a2 y aðd1Þ
ad a1þd a2þd y aðd1Þþd
a2d a1þ2d a2þ2d y aðd1Þþ2d
: : : : :
: : : : :
aðk1Þd a1þðk1Þd a2þðk1Þd y aðd1Þþðk1Þd
2
6666666664
3
7777777775
:
Let 2n  1 ¼ dk; ad;k be an interleaved sequence and zAGFð2nÞ be a primitive
element. Then a function f : GFð2nÞ-GFð2Þ with f ð0Þ ¼ 0 and f ðziþldÞ ¼ aiþld
where i ¼ 0; 1; 2;y; ðd  1Þ and l ¼ 0; 1; 2;y; ðk  1Þ is deﬁned as the function
corresponding to the interleaved sequence ad;k with respect to the primitive element
z: Conversely, for any function f :GFð2nÞ-GFð2Þ and a primitive element
zAGFð2nÞ an interleaved sequence ad;k can be constructed such that aiþld ¼
f ðziþldÞ for all i ¼ 0; 1; 2;y; ðd  1Þ and l ¼ 0; 1; 2;y; ðk  1Þ: This interleaved
sequence is called the interleaved sequence corresponding to f with respect to z:
Again as in the case of binary sequences we drop the reference to z when there is no
chance of confusion. The rows and columns of ad;k are numbered from 0 to ðk  1Þ
and 0 to ðd  1Þ respectively. For detailed discussion on interleaved sequence see [2].
Deﬁnition 2. Weight of a ðd; kÞ-interleaved sequence ad;k denoted by wtðad;kÞ is equal
to the number of nonzero entries in ad;k:
The following lemmas can be easily derived from the deﬁnition of trace.
Lemma 1. Let f ðxÞ ¼ Trn1ðxcÞ; where gcdðc; 2n  1Þ ¼ 1: Then the ðd; 2t  1Þ-
interleaved sequence of f with respect to a primitive element zAGFð2nÞ for all tjn is
such that
1. the columns are either zero columns or cyclic shifts of the binary sequence
corresponding to Trt1ðxÞ when evaluated at 1; zcd ; zc2d ;y; zcð2
n2Þd which contains
2t1 ones,
2. the number of zero columns is d  2nt:
Lemma 2. The ðd; 2t  1Þ-interleaved sequence corresponding to
f ðxÞ ¼
XN
i¼1
Trn1ðbixaið2
t1ÞÞ
is such that each row is a fixed binary sequence b of length d:
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Proof. Let vi;l be the entry in the ith column and lth row of the interleaved sequence
corresponding to the function f ðxÞ:
vi;l ¼
XN
i¼1
Trn1ðbizðiþldÞaið2
t1ÞÞ
¼
XN
i¼1
Trn1ðbiziaið2
t1Þþlaið2n1ÞÞ
¼
XN
i¼1
Trn1ðbiziaið2
t1ÞÞ:
Thus vi;l is independent of l: Hence the interleaved sequence corresponding to f ðxÞ
has a ﬁxed binary sequence b as rows. &
3. A bound on character sums
Let A; B be ðd; 2t  1Þ-interleaved sequences corresponding to the functions
Trn1ðxcÞ and Trn1ð
PN
i¼1 bix
aið2t1ÞÞ: We construct the sum A þ B by element wise
adding modulo 2 the interleaved sequences A and B: Clearly A þ B is the interleaved
sequence corresponding to the function
Trn1 x
c þ
XN
i¼1
bix
aið2t1Þ
 !
:
Theorem 1. For any nontrivial additive character w of GFð2nÞ
X
xAGFð2nÞ
wðgðxÞÞ

p2ntþ1;
where
gðxÞ ¼ xc þ
XN
i¼1
bix
aið2t1Þ:
Proof. Canonical additive character w1 of GFð2nÞ is
w1ðxÞ ¼ ð1ÞTr
n
1
ðxÞ:
For any nontrivial additive character w of GFð2nÞ there exists a bAGFð2nÞ
such that
wðxÞ ¼ w1ðbxÞ:
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Therefore
X
xAGFð2nÞ
wðgðxÞÞ ¼
X
xAGFð2nÞ
w1ðbgðxÞÞ
¼
X
xAGFð2nÞ
ð1ÞTrn1ðbxcþ
PN
i¼1 bbix
ai ð2t1ÞÞ:
Since c is coprime to 2n  1 therefore inverse of c; denoted by c1 exists modulo
2n  1: Putting x ¼ bc1y in bgðxÞ
bxc þ
XN
i¼1
bbix
aið2t1Þ ¼ bðbc1yÞc þ
XN
i¼1
bbiðbc
1
yÞaið2t1Þ
¼ yc þ
XN
i¼1
b1c
1aið2t1Þbiy
aið2t1Þ
¼ hðyÞ;
hðyÞ is also a polynomial of the type under consideration. Thus
X
xAGFð2nÞ
wðgðxÞÞ ¼
X
xAGFð2nÞ
w1ðhðxÞÞ:
The character sum
X
xAGFð2nÞ
w1ðgðxÞÞ ¼ 2n  2wtðA þ BÞ:
There are 2nt nonzero columns of A and r nonzero columns of B: Let s zero columns
of A are added to nonzero columns of B: The remaining r  s nonzero columns of B
are added to nonzero columns of A and 2nt  ðr  sÞ nonzero columns of A are
added to zero columns of B: Finally ðd  2ntÞ  s number of zero columns of A are
added to zero columns of B: Thus we must have rpd; spd  2nt; r  sp2nt and
spr along with r; sX0: The weight of A þ B
wtðA þ BÞ ¼ ð2t  1Þs þ ð2t1  1Þðr  sÞ þ 2t1ð2nt  ðr  sÞÞ
¼ 2ts  r þ 2n1:
The character sum
X
xAGFð2nÞ
w1ðgðxÞÞ ¼ 2n  2ð2ts  r þ 2n1Þ
¼ 2r  2tþ1s:
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Finding the upper bound of the absolute value of the above character sum is
equivalent to the following problem:
Maximize G ¼
X
xAGFð2nÞ
w1ðgðxÞÞ

 ¼ j2r  2tþ1sj
Subject to the constraints:
rpd;
spd  2nt;
r  sp2nt;
spr;
r; sX0:
The set of feasible solutions of the above problem is a convex region in the ðr; sÞ
plane. The vertices of this convex region are ð0; 0Þ; ð2nt; 0Þ; ðd; d  2ntÞ; ðd 
2nt; d  2ntÞ: It is known that the optimum is obtained at the vertices. The values
of G at the above vertices are 0, 2ntþ1; 2, 0 and j2ntþ1  2j; respectively. Since nXt;
2ntþ1Xj2ntþ1  2j and the value of G is maximum at ð2nt; 0Þ: Therefore
Gp2ntþ1: ð2Þ
Since we have already proved that the character sum of any nontrivial additive
character with argument gðxÞ is equal to that of the canonical additive character with
a polynomial of the same form as argument the theorem is proved. &
Remark 2. The Weil bound is improved if the degree of gðxÞ; degðgðxÞÞ42n2tþ1 þ 1:
Particularly when n is even and t ¼ n2 the bound obtained is 2
n
2þ1 which is an
improvement over the Weil bound for any gðxÞ of the above form.
In the following theorem, we prove the existence of a polynomial for which bound
(2) is attained for odd n:
Theorem 2. Let n41 be an odd number. There exists a polynomial gAGFð2nÞ½x	
of the form
gðxÞ ¼ xc þ
XN
i¼1
bix
aið2t1Þ
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such that
X
xAGFð2nÞ
w1ðgðxÞÞ

 ¼ 2ntþ1:
Proof. Suppose A is a ðd; 2t  1Þ-interleaved sequence corresponding to Trn1ðxcÞ for
some c coprime to 2n  1 and B is a ðd; 2t  1Þ-interleaved sequence corresponding to
a function of the form Trn1ð
PN
i¼1 bix
aið2t1ÞÞ: From Theorem 1 we note that the
bound is attained when r ¼ 2nt and s ¼ 0; where r is the number of ‘all one’ columns
in B and s is the number of zero columns of A that are added to ‘all one’ columns of
B: It is possible to construct a ðd; 2t  1Þ-interleaved sequence such that each column
is either an ‘all one’ column or a zero column and altogether there are 2nt ‘all one’
columns. Further, it is possible to choose the ‘all one’ columns in such a way that
none of them has the same column number as any of the zero columns of A: It is to
be noted that since A has d  2nt zero columns there is exactly one way such a
choice can be made. In [1, Theorem 2] it is proved that corresponding to such an
interleaved sequence there exists a function of the form
f ðxÞ ¼
X
að2t1ÞAT
Tr
sað2t1Þ
1 ðbaxað2
t1ÞÞ;
where baAGFð2sað2t1Þ Þ; að2t  1ÞAT ; the set of coset leaders modulo 2n  1 and
sað2t1Þ is the size of the cyclotomic coset modulo 2n  1 containing að2t  1Þ: Since n
is odd, each sað2t1Þ is also odd and we obtain
f ðxÞ ¼
X
að2t1ÞAT
Tr
sað2t1Þ
1 ðbaxað2
t1ÞÞ
¼
X
að2t1ÞAT
n
sað2t1Þ
Tr
sað2t1Þ
1 ðbaxað2
t1ÞÞ
¼Trn1
X
að2t1ÞAT
bax
að2t1Þ
0
@
1
A:
We take gðxÞ ¼ xc þPað2t1ÞAT baxað2t1Þ: Then by the above discussion and
Theorem 1
X
xAGFð2nÞ
w1ðgðxÞÞ

 ¼ 2ntþ1: &
ARTICLE IN PRESS
S. Gangopadhyay / Finite Fields and Their Applications 9 (2003) 449–457 455
For even n we are able to prove the following:
Theorem 3. Let n41 be an even number. There exists a polynomial gAGFð2nÞ½x	 of
the form
gðxÞ ¼ xc þ
XN
i¼1
bix
aið2n=21Þ
such that jPxAGFð2nÞ w1ðgðxÞÞja0:
Proof. Suppose A is a ð2n=2 þ 1; 2n=2  1Þ-interleaved sequence corresponding to
Trn1ðxcÞ for some c coprime to 2n  1 and B is a ð2n=2 þ 1; 2n=2  1Þ-interleaved
sequence corresponding to a function of the form Trn1ð
PN
i¼1 bix
aið2n=21ÞÞ: B consists
of only zero columns and ‘all one’ columns. Suppose the number of ‘all one’ column
of B is denoted by r: From Theorem 1
G ¼
X
xAGFð2nÞ
w1ðgðxÞÞ

 ¼ j2r  2tþ1sj:
Since the interleaved sequence A has only one zero column, s; being the number of
zero columns of A that get added to ‘all one’ columns of B; can take the value 0 or 1.
In case s ¼ 0 the sum G ¼ 2ra0 whenever ra0: In case s ¼ 1 it is possible to choose
an element gAGFð2nÞ in such a way that the zero column of the ð2n=2 þ 1; 2n=2  1Þ-
interleaved sequence corresponding to Trn1ððgxÞcÞ is not added to a ‘all one’ column
of B provided rod ¼ 2n2 þ 1: Thus, we obtain a polynomial of the form hðxÞ ¼
ðgxÞc þPNi¼1 bixaið2n=21Þ such that jPxAGFð2nÞ w1ðhðxÞÞja0: Replacing gx by x in
hðxÞ we get a polynomial gðxÞ of the required form such that
jPxAGFð2nÞ w1ðgðxÞÞja0: In case r ¼ 2n2 þ 1 then s ¼ 1 and corresponding sum G ¼ 2:
Finally, we construct a function of the form Trn1ð
PN
i¼1 bix
aið2n=21ÞÞ such that the
ðd; 2n2  1Þ-interleaved sequence B corresponding to it contains atleast a nonzero
column. There exists bAGFð2nÞ such that Trn1ðbÞa0: Construct Trn1ðbx
n
21Þ: Clearly,
the ﬁrst column of the ðd; 2n2  1Þ-interleaved sequence corresponding to this function
is nonzero. This proves the theorem. &
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